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Abstract. We study a spin-12 charged particle with gyromagnetic factorg > 2 moving in a
plane threaded by a magnetic flux tube. We prove that, if the magnetic field (i) has radial
symmetry, (ii) has compact support and (iii) does not change sign, there is at least one bound
state for each angular momentum̀in the interval [0, v], wherev (assumed positive) is the total
magnetic flux in units of the quantum of flux.

Let us consider a spin-1
2 particle with chargee and gyromagnetic factorg, moving in a

plane threaded by a magnetic field. Its dynamics is governed by the Pauli Hamiltonian,
which, when specialized to the case where the magnetic field points in thez direction, can
be written as [2m = h̄ = c = 1; σz = diag(1,−1)]

H = (−i∇ − eA)2− 1
2geBσz ≡ diag(H↑, H↓). (1)

For g = 2 (the value which emerges naturally when one derives the Pauli Hamiltonian
as the non-relativistic limit of the Dirac Hamiltonian), it is possible to show [1–3] that
the above Hamiltonian has zero-energy normalizable¶ eigenstates if the total magnetic
flux 8 ≡ ∫

B(x) d2x is larger than80 = 2π/|e| (in general, there areN such states if
N80 < 8 6 (N + 1)80).

On the other hand, the experimental value of the electrong-factor is not 2, but 2.0023
(this ‘anomaly’ can be understood as a result of QED radiative corrections [4]). This
has motivated some investigations of the caseg > 2 in the last few years. In this case,
qualitatively new phenomena occur: (a) an arbitrarily small (but nonzero) magnetic flux8

can create a negative-energy state [5–7], and (b) even if8 = 0, bound states can appear if
the magnetic field is strong enough [8].

A very important limitation of (a) is that it has been proved only for a few types of
magnetic field profiles, and so it is not known to what extent it is a general result. The
purpose of this paper is to partially fill this gap. We shall prove that, ifg > 2 and the
magnetic field satisfies the following conditions: (i) it has radial symmetry, (ii) it has
compact support (and so the flux tube has a well-defined radius R) and (iii) it does not
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¶ Such states are not normalizable if the magnetic field has aδ-function singularity [6, 7].
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change sign (without loss of generality, we shall suppose thateB(r) > 0), thenH↑ has at
least [v] + 1 eigenstates with negative energy, wherev ≡ 8/80 and [v] denotes its integer
part (i.e.v = [v] + ε, 06 ε < 1)†.

In order to prove this assertion, we first note that, because of (i), we can choose the
vector potential in the symmetric gauge,A = Aϕ(r)eϕ , in terms of which the magnetic
field is written as

B(r) = 1

r

d

dr
[rAϕ(r)]. (2)

In this gauge, the time-independent Schrödinger equation is separable into polar coordinates
(r, ϕ), and one can perform a partial-wave decomposition.

Now, let us consider the following variational wavefunctions:

ψ`(r, ϕ) = ei`ϕ ×
{
a`r

`e−eφ(r)−αr for 0< r < R

b`K|`−v|(µr) (µ > 0) for r > R
(3)

whereφ(r) ≡ ∫ r0 Aϕ(r ′) dr ′ andKν(z) is the modified Bessel function [9]. The coefficients
a` andb` are chosen in such a way thatψ`(r, ϕ) is continuous atr = R and 〈ψ`|ψ`〉 = 1.
The latter condition can only be fulfilled if̀ > 0, in order that|ψ`|2 be integrable at the
origin (integrability at infinity is ensured by the positivity ofµ). We shall also impose that
∂r ψ`(r, ϕ) be continuous atr = R; together with the continuity ofψ`(r, ϕ), this implies
thatµ must satisfy the following equation:

µRK ′|`−v|(µR)

K|`−v|(µR)
= −v + `− αR (4)

where we have used the identity

φ′(R) = Aϕ(R) = 1

R

∫ R

0
B(r)r dr = v

eR
. (5)

Since the l.h.s. of (4) tends to−|` − v| whenµ → 0+, and it behaves asymptotically as
−µR whenµ→∞ [9], that equation will have a positive root if̀6 v andα > 0.

We have thus obtained [v]+1 normalizable functionsψ`(r, ϕ) (` = 0, 1, . . . , [v]) which,
together with∂rψ`(r, ϕ), are continuous atr = R. Now, we shall show that, for each of
these functions, it is possible to find a positiveα such that〈ψ`|H↑|ψ`〉 < 0. It then follows
from the variational principle that there exists (at least) one negative-energy eigenstate of
H↑ with angular momentum̀. In fact, a direct calculation shows that

〈ψ`|H↑|ψ`〉 = 2π |a`|2
∫ R

0

[
(2`+ 1)α

r
− 2αeAϕ(r)− α2− 1

2
(g − 2)eB(r)

]
×r2`e−2eφ(r)−2αrr dr − 2π |b`|2µ2

∫ ∞
R

K2
|`−v|(µr)r dr

6 2π |a`|2
∫ R

0

[
(2`+ 1)α

r
− 1

2
(g − 2)eB(r)

]
r2`e−2eφ(r)−2αrr dr. (6)

Our goal will be accomplished if we choose a positiveα satisfying

α <
(g − 2)e

∫ R
0 B(r)r2`+1e−2eφ(r)−2αr dr

2(2`+ 1)
∫ R

0 r2`e−2eφ(r)−2αr dr
. (7)

† Here, and in what follows, we are assuming thatv > 0. v = 0 corresponds to the absence of a magnetic field,
in which case there are no bound states (instead of [v] + 1).
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That such a choice is possible follows from the fact that the r.h.s. of the above inequality
is a continuous function ofα, and (if v > 0) it tends to a positive number whenα → 0.
This completes the proof.

Finally, we make a couple of remarks: (i) an ‘extra’ bound state (with` > v) can show
up, provided̀ − v < αR/2 (in this case too one can prove that equation (4) has a positive
root); (ii) our proof breaks down ifB has aδ-function singularity at the origin; this case
requires a special treatment (see the discussion in [5, 6]), and will not be considered here.
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